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Abstract. Aim of this paper is to develop a filter model for a calculus with mo-
bility and higher-order value passing. We will define it for an extension of the
Ambient Calculus in which processes can be passed as values. This model turns
out to be fully abstract with respect to the notion of contextual equivalence where
the observables are ambients at top level.

1 Introduction

The Ambient Calculus[8] is a calculus of mobile computation that allows active pro-
cesses to move between sites and interact with them. Owing to its interest a number of
studies on various foundational aspects of this or derived systems have been recently
developed. The subject of these investigations have been mainly type systems (final-
ized to the proof of various properties like safe communications [9] or security [7, 17,
6]), proof systems [10], abstract interpretations [19] and flow analysis [13]. In [11] a
denotational model has been proposed for a very basic subset of the language, in which
only mobility primitives where present. Aim of this paper is to extend this model to a
language in which processes can be exchange as values inside ambients. Our approach
is similar to that of [3], but in our language we do not have a separate set of expres-
sions (including an explicitλ operator) which can be communicated. In the resulting
language, however, theλ-calculus can be directly simulated.

One main difficulty in defining models of the Ambient Calculus is that of finding
an abstract counterpart to the notion of mobility. A promising tool for overcoming this
difficulty seems the notion of “logical” semantics in which domains are described by
abstract filters of logical formulas expressing properties of the terms of the calculus. In
filter models, moreover, terms are interpreted as the sets of their computational prop-
erties (types). This makes them an interesting basis for the study and development of
analysis tools. Filter models have been successfully applied, for instance, to the study
of normalization properties of lambda terms [16].

In this paper we define, in particular, a model for a variant of the Ambient Calculus
with synchronous higher-order value passing and a new “selfopen” primitiveso . The
so action is strongly related to theacid operation of [8] and allows the simulation of
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objective moves [8]. Our model turns out to be fully abstract with respect to the notion
of contextual equivalence defined in [18]. The same model is also adequate with respect
to the calculus obtained by eliminating theso action, but in this case it is not fully
abstract.

The “logical” approach to denotational semantics goes back to [25], and has been
advocated in [1] as a general paradigm unifying, among other things, type assignment,
logic of programs and logical characterizations of behaviors of concurrent processes
such as Hennessy-Milner logic. A main advantage of this approach is that it produces a
denotational model in the sense that the denotation of a term is given in a compositional
way. This has been used in [4] and [2] forλ-calculus. In the same line are the studies
concerning extensions ofλ-calculus by means of operators with concurrent features like
[23, 5, 14, 15]. In [5], in particular, the intersection type operator is seen as the basic tool
to represent nondeterministic choice in the “may” perspective.

In [21] Hennessy presents the first denotational model of higher-order concurrent
processes based on a compromise between type systems and modal logic. The resulting
filter model turns out to be fully abstract with respect to an operational semantics based
on a notion of testing and “may” convergency. A similar result has been proved in [20]
for a kernel of the language FACILE. A filter model for higher-order processes which is
adequate but not complete with respect to the “must” testing as been proposed in [22].
The same approach is used in [12] to build a filter model of theπ-calculus which is
fully abstract for “may” convergence.

The type system used for the definition of the model can also be seen as a proof
system to express ambient and process properties. Proof systems with these aims have
also proposed by Cardelli and Gordon (see e.g. [10]). Sangiorgi’s paper [24] provides
a careful study of the equivalence on mobile ambients induced by theambient logic
of [10]. The logic turns out to be strongly intensional, equating mainly structurally
equivalent processes: for example it distinguishes between the processesin a.in a.0
and in a.0

∣∣ in a.0, which are observationally equivalent. Therefore the ambient logic
seems not suitable to be taken as a basis for the construction of a model of contextual
semantics, where properties need to have an extensional meaning.

2 The Language

The calculus of Selfopening Mobile Ambients, introduced in [11], is an extension of
the calculus of Mobile Ambients [8] obtained by adding a new primitive actionso . In
the Ambient Calculus a process has no way of opening the ambienta in which he is
running raising itself one level up. This kind of action is allowed by theso primitive.
This primitive is quite similar to theacid primitive discussed by Cardelli and Gordon in
[8]. The main difference is thatacid does not mention the ambient dissolved whileso
does. This can be crucial in defining a type system for avoiding unwanted uses ofso .
Processes can be exchanged as values with the standard input and output primitives of
the synchronous Ambient Calculus. We leave out here restriction: its introduction could
be investigated following the lines of [12].
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Ambients and Processes

LetV be a set ofprocess variables, ranged over byX, Y, . . .. LetL be a set ofambient
namesranged over bya, b, c . . . andM be the set ofactions, ranged over bym ,n , . . .,
containingin a, out a, opena, so a for all ambientsa ∈ L, and(X), 〈P 〉 for all process
variablesX and processesP . The setP of processes(ranged over byP, Q, R, . . .) is
defined by

P ::= 0 | V | M.P | L[P] | P
∣∣P | !P.

Ml ⊆ M will denote the set ofmobility actionscontaining onlyin a, out a, open a,
so a for all ambientsa ∈ L.
We assume that “.” takes precedence over “|”. So m .α

∣∣β is read(m .α)|β.
As customary, the relation of structural congruence≡ is defined as the minimal

reflexive, transitive and symmetric relation which is a congruence and moreover:

– satisfies!P ≡!P
∣∣P ;

– includesα-conversion;
– makes the operator

∣∣ commutative, associative, with0 as neutral element.

The behavior of processes is then represented by the reduction relation defined in
Figure 1. Note that theso action allows a process to open its enclosing ambient. This
action is orthogonal to the other mobility actions (in , out , open ) and cannot be inter-
nally simulated in the standard Ambient Calculus.

(red in) a[in b.P
∣∣Q]

∣∣ b[R]] → b[a[P
∣∣Q]

∣∣R]

(red out) a[b[out a.P
∣∣Q]

∣∣R] → a[R]
∣∣ b[P ∣∣Q]

(red selfopen) a[so a.P
∣∣Q] → P

∣∣Q
(red open) open a.P

∣∣ a[Q] → P
∣∣Q

(comm) (X).P
∣∣ 〈Q〉.R → P [X := Q]

∣∣R
(R− par) P → Q ⇒ P

∣∣R→ Q
∣∣R

(R− amb) P → Q ⇒ n[P ] → n[Q]

(R− ≡) P ′ ≡ P ′ P → Q Q ≡ Q′ ⇒ P ′ → Q′

Fig. 1.Reduction

Observational Equivalence

In the ambient calculus the natural candidates to represent observables are the ambi-
ents. The following definition of observational preorder takes the notion of observable
proposed in the original system [18].
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Definition 1. (i) We say that processP exhibits an ambienta, notationP ⇓ a if
P →∗ a[Q]

∣∣R for some processesQ, R.
(ii) P v Q if for all closing contextC[ ] and ambientsa: C[P ] ⇓ a ⇒ C[Q] ⇓ a.

(iii) P ∼= Q if P v Q andQ v P .

Remark 1.Note thatP → Q impliesQ v P , but in generalP ∼=/ Q. For instance let
P1 = open a.0

∣∣ a[b[0]] andP2 = b[0]. ThenP1 → P2 butP1
∼=/ P2 (takeC[ ] as[−]).

3 Types

Like in type assignment systems for polymorphicλ-calculus, types are seen as proper-
ties of type-free objects rather than domains in which objects live. Types are intended to
provide partial information about the processes they are associated with. Our language
of types must be expressive enough to completely characterize process behaviors. We
need, thus, to consider both the ambient, mobility actions and parallel composition as
type constructors. The (binary) type constructor for input actions is(−).−, which cor-
respond to the→ function type constructor. We use here this notation for uniformity
with the other type constructors. Similarly〈−〉.− is the type constructor for output ac-
tions. A type〈σ〉.α represents processes which can produce an output of typeσ and
then leave a continuation of typeα. For technical reasons (see Remark 2 of Section 5)
we need to restrict the set of types allowed in the input-output fields of types.

The conjunction type constructor is added to represent nondeterminism. Typeω
represents a property that is true of all processes. The setT of types(ranged over by
α, β, γ, . . .) is then defined by

T ::= ω | Ml.T | 〈T −〉.T | (T −).T | L[T ] | T
∣∣ T | T ∧ T ,

whereT − ⊆ T is the subset ofsimpletypes, ranged over byσ, τ, . . ., containing all
types without occurrences of the∧ operator. Intersection represent “may” nondetermin-
ism. A process has typeα ∧ β if it can possibly exhibit, although in different reduction
paths, both propertyα and propertyβ. We make the convention that∧ has the lowest
precedence.

In connecting types to processes we must consider two distinct formal systems. One
is to represent the logical structure of types, determined by their entailment relation
(denoted≤), and one to assign types to processes.

The logical structure of types is formalized as a partial order relation representing
entailment. We writeα ≤ β to mean that propertyα entails propertyβ. We writeα ' β
if α ≤ β ≤ α. Let' be the equivalence relation induced by≤.

The formal rules for type entailment are represented in Figure 2. We say that two
actionsm andn matchif either m ≡ (σ), n ≡ 〈τ〉 or n ≡ (σ), m ≡ 〈τ〉, and in both
casesτ ≤ σ.

As pointed out in Remark 1 of Section 2, the execution of an action corresponds to
a loss of capabilities. This is formalized by the axioms of the group “Reduction”. Rule
(out − in) takes into account the fact that, in rule(red in), after the consumption of
thein a action, the process insidea is always able to perform a sequenceout a, in a of

4



– Commutativity and distributivity of
∣∣

(
∣∣ 1) α

∣∣β ' β
∣∣α (

∣∣ 2) (α
∣∣β)

∣∣ γ ' α
∣∣ (β

∣∣ γ)
– Axioms forω:

(ω1) α ≤ ω (ω2) α ' α
∣∣ω

– Distributivity of ∧
([ ]∧) a[α ∧ β] ' a[α] ∧ a[β]

(
∣∣∧) α

∣∣ (β ∧ γ) ' (α
∣∣ γ) ∧ (β

∣∣ γ)
(.∧) m .(α ∧ β) ' m .α ∧m .β

– Sequentialization

(.
∣∣
1) m .α

∣∣β ≤ m .(α
∣∣β)

(.
∣∣
2) m .α

∣∣ n .β ' m .(α
∣∣ n .β) ∧ n .(m .α

∣∣β) if m andn do not match

(comm) (σ).β
∣∣ 〈τ〉.γ ' β

∣∣ γ ∧ (σ).(β
∣∣ 〈τ〉.γ) ∧ 〈τ〉.((α).β

∣∣ γ) if τ ≤ σ

– Reduction

(in) a[in b.α
∣∣β]

∣∣ b[γ] ≤ b[a[α
∣∣β]

∣∣ γ] (out) a[b[out a.α
∣∣β]

∣∣ γ] ≤ a[γ]
∣∣ b[α ∣∣β]

(selfopen) a[so a. α
∣∣β] ≤ α

∣∣β (open) open a.α
∣∣ a[β] ≤ α

∣∣β
(out−in) in a.out a.in a.α ≤ in a.α (in−out) out a.in a.out a.α ≤ out a.α

– Congruence

(cg − [ ])
α ≤ β

a[α] ≤ a[β]
(cg − action)

α ≤ β

m .α ≤ m .β

(cg − ())
σ′ ≤ σ

(σ).α ≤ (σ′).α
(cg − 〈〉)

σ ≤ σ′

〈σ〉.α ≤ 〈σ′〉.α

(cg −
∣∣ )

α ≤ γ β ≤ δ

α
∣∣β ≤ γ

∣∣ δ
– Transitivity

(trans)
α ≤ β β ≤ γ

α ≤ γ

– Logical
(∧ − r) α ∧ β ≤ β (∧ − l) α ∧ β ≤ α

(∧ − id) α ≤ α ∧ α (∧− ≤)
α ≤ α′ β ≤ β′

α ∧ β ≤ α′ ∧ β′

Fig. 2.Type Entailment Rules
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actions. A similar motivation holds for rule(in − out). Sangiorgi [24] callsstuttering
this phenomenum.

Axiom (.
∣∣
2) represents the fact that two parallel processes can perform two distinct

actions in any order. Axiom(.
∣∣
1) is a consequence of this. If the two processes can

communicate (axiom(comm)) we must take into account also this possibility. Axioms
(ω1), (ω2) and rule(cg−

∣∣ ) imply thatα
∣∣β ≤ α, i.e. parallel composition corresponds

to increase of capabilities. Note also that, using(∧−id), (ω1), (
∣∣ 1), (cg−

∣∣ ), (∧− ≤),
(ω2), we getα

∣∣β ≤ α ∧ β. As usual output is covariant (rule (cg − 〈〉)), while input is
contravariant (rule (cg − ())).

Types will be always considered modulo'. Note that' is preserved by both in-
tersection and parallel composition withω. The operators

∣∣ and∧ are associative so,
for instance, we can write unambiguouslyα

∣∣β ∣∣ γ. Parallel composition of types are
also considered modulo permutations, and intersection of types are considered modulo
permutations and repetitions (rules(∧ − id), (∧ − l), (∧ − r)).

A parallel compositionα1

∣∣ . . . ∣∣αn will sometimes be denoted by−→α in vector
notation. An intersection of typesα1 ∧ . . .∧αn will be denoted by

∧
i∈[1...n] αi. In this

caseβ ∝
∧
i∈[1...n] αi denote thatβ ≡ αi for some(1 ≤ i ≤ n).

A crucial technical notion is that of normal type.

Definition 2. (i) The setN ⊂ T of normaltypes is defined inductively in the follow-
ing way:
1. ω ∈ N .
2. ω

∣∣φ ∈ N whereφ ∈ N .
3. m .φ ∈ N wherem ∈M andφ ∈ N .
4. a[φ] ∈ N whereφ ∈ N .
5. φ

∣∣ a[ψ] ∈ N whereφ, ψ ∈ N .
(ii) A normal type iseasyif it is normal and is of the form 3.

Let φ, ψ, ξ, χ... range over normal types. In general a normal type different from

ω has the formφ
∣∣ a1[ψ1]

∣∣ . . . ∣∣ an[ψn] (or φ
∣∣−−→a[ψ] in vector notation) whereφ can be

missing or is easy orω andn ≥ 0.
Note that normal types do not contain intersections. A normal type represents a

process in which, in each ambient, there is at most one possible action that can be
performed. Nondeterminism is left, however, since in the same normal type different
actions can be enabled in different ambients.

Definition 3. Let'0 be the equivalence relation defined by the rules obtained by re-
placing≤ by'0 in the rules(

∣∣ 1), (
∣∣ 2), (ω2), ([ ]∧), (

∣∣∧), (.∧), (.
∣∣
2), (comm) and

(trans) of Figure 2.

We can show by structural induction on types that each type has a unique normal
form modulo permutations and parallel composition withω.

Lemma 1. For all α ∈ T there is a unique type
∧
i∈I φi, whereφi (i ∈ I) are normal

types such thatα '0

∧
i∈I φi. We call it thenormal formof α, denotednf(α).

Ambients are inactive with respect to normal forms in the following sense.
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Lemma 2. Letφ,
−−→
a[ψ] be normal types. Thenφ ∝ nf(α) iff φ

∣∣−−→a[ψ] ∝ nf(α
∣∣−−→a[ψ]).

Lemma 3. Letnf(α) =
∧
i∈I φi. Then

1. nf(a[α])) =
∧
i∈I a[φi];

2. nf(m .α)) =
∧
i∈I m .φi;

3. Letnf(β)) =
∧
j∈J ψj . Thennf(α

∣∣β) =
∧
i∈I,j∈J nf(φi

∣∣ψj).
The entailment relation can be specialized to normal types. Let≤N⊂ N×N denote

this relation, defined by the rules of Figure 3.
In the rules for≤N the r.h.s. is naturally a normal type whenever the l.h.s. is normal,

except for rules(openN ) and(selfopenN ), since the parallel composition of two normal
types is not normal, in general.

The following lemma is crucial for representing the entailment properties of normal
types.

Lemma 4. Let φ, ψ, ξ, χ be normal types such thatφ ≤N ψ and ξ ≤N χ. Then for
all ν ∝ nf(ψ

∣∣χ) there isµ ∝ nf(φ
∣∣ ξ) such thatµ ≤N ν.

Proof sketch.It is enough to prove the lemma assumingφ ≤N ψ andξ ≡ χ. The gen-
eral property can be easily obtained by transitivity. The proof is then by induction on
the proof ofφ ≤N ψ. The most difficult cases are when≤N has been obtained by rules
(openN ) and(selfopenN ). The proof of these cases requires a careful analysis of the
shape of the normal forms and is not given here.

The main lemma of this section relates normal forms and≤N to≤.

Lemma 5. Let α ≤ β. Then for allψ ∝ nf(β) there existsφ ∝ nf(α) such that
φ ≤N ψ.

Proof. By induction on the proof of≤. The most difficult case is that of rule(cg −
∣∣ )

which is handled using Lemmas 4 and 3(3).

Corollary 1. Letφ, ψ be normal types. Thenφ ≤ ψ iff φ ≤N ψ.

4 Type Inference

It is rather natural to devise type assignment rules for ambients and processes. They are
represented in Figure 4, whereΓ : V ⇀ T − is a mapping from process variables to
simple types. LetΓ [X := σ] denote the mapping equal toΓ except that its value atX
is σ. As usual processes are considered modulo renaming of bound variables.

The system̀ has only introduction rules for the various constructors: elimination
rules are replaced by rule (≤).

We can prove by a simple induction on deductions a generation lemma.

Lemma 6 (Generation Lemma).

1. Γ ` 0 : α iff α ' ω;
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– Commutativity and distributivity of
∣∣

(
∣∣ 1N ) φ

∣∣ψ 'N ψ
∣∣φ providedφ

∣∣ψ is normal

(
∣∣ 2N ) (φ

∣∣ψ)
∣∣ ξ 'N φ

∣∣ (ψ
∣∣ ξ) provided(φ

∣∣ψ)
∣∣ ξ is normal

– Sequentialization
(.

∣∣ N
1 ) m .φ

∣∣−−→a[ψ] ≤ m .(φ
∣∣−−→a[ψ])

– Axioms forω:

(ω1N ) φ ≤N ω (ω2N ) φ
∣∣ω 'N φ

– Reduction

(inN ) a[in b.φ
∣∣−−→c[ψ]]

∣∣ b[ξ] ≤N b[a[φ
∣∣−−→c[ψ]]

∣∣ ξ]
(outN ) a[b[out a.φ

∣∣−−→c[ψ]]
∣∣ ξ] ≤N a[ξ]

∣∣ b[φ ∣∣−−→c[ψ]]

(selfopenN ) a[so a.φ
∣∣−−→c[χ]]

∣∣ψ ≤N ξ
∣∣−−→c[χ] for all ξ ∝ nf(φ

∣∣ψ)

(openN ) open a.φ
∣∣ a[ψ] ≤N ξ for all ξ ∝ nf(φ

∣∣ψ)

(out−inN ) in a.out a.in a.φ ≤ in a.φ

(in−outN ) out a.in a.out a.φ ≤ out a.φ

– Congruence

(cg−[ ]N )
φ ≤N ψ

a[φ] ≤N a[ψ]
(cg−actionN )

φ ≤N ψ

m .φ ≤N m .ψ

(cg − ()N )
σ′ ≤ σ

(σ).φ ≤N (σ′).φ
(cg − 〈〉N )

σ ≤ σ′

〈σ〉.φ ≤N 〈σ′〉.φ

(cg−
∣∣ N )

φ ≤N φ′ ψ ≤N ψ′

φ
∣∣ a[ψ] ≤N φ′ ∣∣ a[ψ′]

– Transitivity

(transN )
φ ≤N ψ ψ ≤N ξ

φ ≤N ξ

Fig. 3.Entailment Rules for Normal Types
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(ω) Γ ` P : ω (m l)
Γ ` P : α m ∈Ml

Γ ` m .P : m .α

(input)
Γ [X := σ] ` P : α

Γ ` (X).P : (σ).α
(output)

Γ ` P : σ Γ ` Q : α

Γ ` 〈P 〉.Q : 〈σ〉.α

(amb)
Γ ` P : α

Γ ` a[P ] : a[α]
(
∣∣ )

Γ ` P : α Γ ` Q : β

Γ ` P
∣∣Q : α

∣∣β
(!)

Γ ` P : α Γ `!P : β

Γ `!P : α
∣∣β (≤)

Γ ` P : α α ≤ β

Γ ` P : β

(∧I)
Γ ` P : α Γ ` P : β

Γ ` P : α ∧ β

Fig. 4.Type Inference Rules

2. Γ ` m .P : α andm ∈Ml iff Γ ` P : β andm .β ≤ α for someβ;
3. Γ ` (X).P : α iff Γ [X := σi] ` P : βi for (1 ≤ i ≤ n), and(σ1).β1 ∧ . . . ∧

(σn).βn ≤ α for someβ1, . . . , βn, σ1, . . . , σn;
4. Γ ` 〈P 〉.Q : α iff Γ ` P : σ, Γ ` Q : β and〈σ〉.β ≤ α for someσ, β;
5. Γ ` a[P ] : α iff Γ ` P : β anda[β] ≤ α for someβ;
6. Γ ` P

∣∣Q : α iff Γ ` P : β, Γ ` Q : γ andβ
∣∣ γ ≤ α for someβ, γ;

7. Γ ` !P : α iff Γ ` P : βi for (1 ≤ i ≤ n) and β1

∣∣ . . . ∣∣βn ≤ α for some
β1, . . . , βn.

Lemma 6 says that the types of a term can be obtained in an uniform way from the
types of its subterms, and this will guarantee the compositionality of the filter model we
will build in the next section.

Since we are in a “may” perspective, it is natural that a processP offers all the
capabilities offered by one of its reductsQ (may be more). At the type assignment level
this means that types are preserved under subject expansion. Of course subject reduction
should not hold; for example, the reduction of a processP with the rule(red open)
produces a process that in general offers less ambients (and so has less types). Instead
congruent processes have the same types. Both properties can be proved by induction
on the definitions of≡ and→∗ using Lemma 6.

Lemma 7 (Subject Congruence).P ≡ Q and Γ ` Q : α ⇒ Γ ` P : α.

Lemma 8 (Subject Expansion).P →∗ Q and Γ ` Q : α ⇒ Γ ` P : α.

5 The Filter Model

We capitalize on the type assignment system of previous section for defining a filter
model of the ambient calculus. We mainly follow the development line of [12].
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Let 〈D;v〉 be a preorder. A subsetL of D is afilter if L is a non-empty upper set,
i.e., l ∈ L andl v l′ imply l′ ∈ L, and every finite subset ofL has a greatest lower
bound inL.

Consider the setT of types with the inclusion≤ defined in Section 3. The greatest
lower bound of a finite non-empty set of types is the intersection of the types in the set.
It is standard to prove that the of filters overT is a domain in the usual sense.

Lemma 9. The setF(T ) of filters overT ordered by set inclusion is a consistently
complete algebraic lattice.

If A ⊆ T is a non-empty set of types then↑ A denotes the filter generated byA,
obtained by closingA under finite intersection and (by upper closingA under)≤. Let
p̃ar : F(T )×F(T ) → F(T ) be the function defined bỹpar(F,G) = ↑ {α

∣∣β | α ∈
F andβ ∈ G}.

We can now give an interpretation of processes inF(T ). Let Env be the set of
environments, i.e.mappingsρ : V → F(T ).

Definition 4. The function[[−]] : Env → P → F(T ) is defined in the following way:

– [[0]]ρ = ↑ {ω}
– [[act a.P ]]ρ = ↑ {act a.α | α ∈ [[P ]]ρ} whereact ∈ {in , out , open , so }
– [[a[P ]]]ρ = ↑ {a[α] | α ∈ [[P ]]ρ}
– [[(X).P ]]ρ = ↑ {(σ).α | α ∈ [[P ]]ρ[X:=↑{σ}]}
– [[〈P 〉.Q]]ρ = ↑ {〈σ〉.α | σ ∈ [[P ]]ρ and α ∈ [[Q]]ρ}
– [[P

∣∣Q]]ρ = p̃ar([[P ]]ρ, [[Q]]ρ)
– [[!P ]]ρ = fix(λX ∈ F(T ). p̃ar([[P ]]ρ, X)),

whereσ ranges over simple types.

The basic property of the filter model is that the interpretation of a term is defined
by the set of its types. DefineΓ |= ρ if, for all X in the domain ofΓ , Γ (X) = σ
impliesσ ∈ ρ(X).

Theorem 1. [[P ]]ρ = {α ∈ T
∣∣ for someΓ : Γ |= ρ andΓ ` P : α}.

From rules(ω), (≤), and(∧) we have that[[P ]]ρ ∈ F(T ) for all P andρ. Subject
expansion can now be rephrased into the following statement:

if P →∗ Q then[[P ]]ρ ⊇ [[Q]]ρ for all ρ.

The inclusion on filters induces an ordering on terms.

Definition 5. LetP,Q ∈ P. P vF Q if and only if[[P ]]ρ ⊆ [[Q]]ρ for all ρ.

The order relationvF can be easily characterized by means of the deducibility of types
as follows.

Proposition 1. LetP,Q ∈ P. P vF Q if and only ifΓ ` P : α impliesΓ ` Q : α for
all Γ, α.

We will prove that the filter model exactly mirrors the operational semantics, i.e., that
it is adequate and complete, i.e. it is fully abstract.
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Adequacy

The adequacy proof requires a double induction on types and deductions. Following a
standard methodology, we split this induction by introducing a realizability interpreta-
tion of types as sets of terms. The underlying idea is that a processP belongs to the
interpretation of a typeα if and only ifα can be derived forP .

First we give an interpretation of simple types, and then we build the interpretation
of all types, taking into account Lemmas 1 and 5. In defining the interpretation of types
we will use a somewhat stronger notion of reduction over processes.

Definition 6. The reduction relation overP is defined by adding to the rules of Fig.
1 the following rules:

(seq) m .P
∣∣Q m .(P

∣∣Q)

(red− out−in) in a.out a.in a.P  in a.P

(red− in−out) out a.in a.out a.P  out a.P

where in rule(seq) we do not allow capturing of free variables whenm is an input
action.

Note that, as in the case of→, the relation corresponds to a loss of capabilities.
It is easy to verify that does not modify the notion of convergence, i.e. thatP ⇓ a iff
P  ∗ a[Q]

∣∣R for some processesQ, R. A standard induction on the definition of 
shows that the subject expansion property holds also with respect to reductions.

Lemma 10. P  ∗ Q and Γ ` Q : α ⇒ Γ ` P : α.

The interpretation of normal types as sets of terms is given by induction on the
weightof normal and simple types defined as follows:

|ω| = 1 |m .σ| = 1 + |σ| if m ∈Ml

|(σ).τ | = 1 + |σ|+ |τ | |〈σ〉.τ | = 1 + |σ|+ |τ |
|a[σ]| = 1 + |σ| |σ

∣∣ τ | = 1 + |σ|+ |τ |

It is easy to verify that, ifnf(σ) =
∧
i∈I φi, then for alli ∈ I we get|φi| ≤ |σ|. This

is crucial for the soundness of the following definition.
LetP0 be the set ofclosed processes.

Definition 7. The interpretation of normal types is defined by:

1. [[ω]] = P0.
2. If m ∈Ml then[[m .φ]] = {P ∈ P0 | P  ∗ m .Q such thatQ ∈ [[φ]]}.
3. Letnf(σ) =

∧
i∈I φi. Then

[[(σ).φ]]={P ∈ P0 | P ∗(X).Q such that∀S ∈
⋂
i∈I [[φi]]. Q[X :=S] ∈ [[φ]]}.

4. Letnf(σ) =
∧
i∈I φi. Then

[[〈σ〉.φ]] = {P ∈ P0 | P  ∗ 〈S〉.Q such thatQ ∈ [[φ]] andS ∈
⋂
i∈I [[φi]]}.

5. [[a[φ]]] = {P ∈ P0 | P  ∗ a[Q]
∣∣R such thatQ ∈ [[φ]]}.

6. [[φ
∣∣ a[ψ]]] = {P ∈ P0 | P  ∗ Q

∣∣ a[R] such thatQ ∈ [[φ]] andR ∈ [[ψ]]}.
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We need to prove the soundness of the normal type inclusion relation with respect
to the interpretation of normal types. To this aim we need the following Lemma.

Lemma 11. Letφ, ψ be normal types. ThenP ∈ [[φ]] andQ ∈ [[ψ]] imply P
∣∣Q ∈ [[ξ]]

for all ξ ∝ nf(φ
∣∣ψ).

The soundness of the type inclusion relation can be shown by induction on≤N
definition. The most interesting case are axioms(openN ) and (selfopenN ), which can
be handled using Lemma 11.

Lemma 12. Letφ, ψ be normal types. Thenφ ≤N ψ implies[[φ]] ⊆ [[ψ]].

We can now define the interpretation of all types.

Definition 8. The interpretation of arbitrary types is defined by:

[[α]] =
⋂

φ∝nf(α)

[[φ]].

We need the soundness of the type inclusion relation with respect to the interpreta-
tion of types.

Lemma 13. If α ≤ β then[[α]] ⊆ [[β]].

As expected the type interpretation perfectly matches the type assignment system.
LetFV (P ) = {X1, . . . , Xn}: define

Γ |= P : α ⇐⇒ ∀Q1 ∈ [[Γ (X1)]], . . . , Qn ∈ [[Γ (Xn)]].P [X1 := Q1] . . . [Xn := Qn] ∈ [[α]].

Theorem 2 (Soundness and completeness of`). Γ ` P : α iff Γ |= P : α.

Proof. Soundness is proved by induction on the derivation ofΓ ` P : α, using Lemma
13 for rule (≤).
As for completeness, by definition it suffices to show that ifΓ |= P : φ thenΓ ` P : φ,
whenφ is normal. This proof can be done by induction on|φ| using Subject Expansion
with respect to ∗ (Lemma 10).

Now we are able to characterize convergency by means of typing.

Lemma 14 (Resource property).LetP ∈ P0. ThenΓ ` P : a[ω] iff P ⇓ a.

Proof. Γ ` P : a[ω] iff (by Theorem 2)P ∈ [[a[ω]]] iff (by Definition 7)P  ∗ a[Q]
∣∣R

for some processesQ,R.

We can now conclude the adequacy proof.

Theorem 3 (Adequacy).If P vF Q thenP v Q.

Proof. If C[P ] ⇓ a then by Lemma 14 we getΓ ` C[P ] : a[ω]. This together with
P vF Q imply Γ ` C[Q] : a[ω], so we can concludeC[Q] ⇓ a using again Lemma 14.
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Completeness

Our completeness proof relies on buildingtest termsT x,yφ , whereφ is a normal type
andx, y are fresh ambient names with respect toφ. Their intended behavior is that, for
all normal typesφ, x[P ]

∣∣T x,yφ ⇓ y iff Γ ` P : φ. The processP under testing is
formerly enclosed in an ambientx for technical convenience.

In building these terms it is useful to have a process which exhibits ambienty iff it
is in parallel with a process which exhibits all ambientsx1, . . . , xn.

Lemma 15. Letw be a fresh ambient name. Let’s define

Hx1,...,xn⇒y = w[in x1.out x1 . . . in xn.out xn.y[outw]] .

ThenHx1,...,xn⇒y
∣∣P ⇓ y iff P ⇓ xi for all i ∈ {1, . . . , n}.

To define test terms we will usecharacteristic terms. If σ is a simple type, the
characteristic termCσ is the “typical” term of typeσ, i.e. we require that̀ Cσ : σ and
that

` Cσ : α implies ` Q : α for all Q ∈ [[σ]].

Test terms and characteristic terms are build by simultaneous induction on the
weight of normal types (defined at page 11). We define a test term for each normal
type and a characteristic term for each simple type. We assume to have an unlimited
source of ambient names, and to be able to pick new ambients names without clashing
with the ambient names occurring in the processes we are testing.

Definition 9 (Test and Characteristic Terms).
Let φ be a normal type andσ a simple type. Thetest termsT x,yφ and character-

istic termsCσ are defined by induction the weight of normal and simple types in the
following way.

Test terms:

– T x,yω = p[in x.out x.y[out p]]

– T x,y
ω
∣∣φ = T x,yφ

– T x,yin a.φ = a[p[in x.so p.out a.in v.in z]]∣∣ v[z[open x.t[out z.out v.open v.open a]]] ∣∣ open t ∣∣T z,yφ
– T x,yout a.φ = p[in x.so p.in v.in a.in z]∣∣ v[a[z[open x.t[out z.out v.open v.open a]]]] ∣∣ open t ∣∣T z,yφ
– T x,yopen a.φ = p[in x.so p.a[in v.in z]]∣∣ v[z[open x.t[out z.out v.open v]]] ∣∣ open t ∣∣T z,yφ
– T x,yso a.φ = p[in x.so p.in v.in z.in a]∣∣ v[z[a[open x.t[out z.out v.open v]]]] ∣∣ open t ∣∣T z,yφ
– T x,y(σ).φ = p[in x.so p.in v.in z]

∣∣ v[z[open x ∣∣ 〈Cσ〉.t[out z.out v.open v]]]∣∣ open t ∣∣T z,yφ
13



– T x,y〈σ〉.φ = p[in x.so p.in v.in z]
∣∣

v[z[open x
∣∣ (X).t[T q1,w1

φ1

∣∣ q1[X]
∣∣ . . . ∣∣T qn,wn

φn

∣∣ qn[X]∣∣Hw1,...,wn⇒w
∣∣ openw.out z.out v.open v]]] ∣∣ open t ∣∣T z,yφ

where
∧
i∈[1...n] φi = nf(σ).

– T x,ya[ψ] = p[in x.in a.so p.out x.in v.inw]∣∣ v[w[open a.t[outw.out v.open v]]]
∣∣ open t ∣∣Tw,yψ

– T x,y
φ
∣∣ a[ψ]

= p[in x.in a.so p.out x.in v.inw]∣∣ v[w[open a.t[outw.out v.open v]]]
∣∣ open t ∣∣T x,qφ

∣∣Tw,zψ

∣∣Hq,z⇒y

Characteristic terms:

– Cω = 0
– Cm .σ = m .Cσ if m ∈Ml

– C〈σ〉.τ = 〈Cσ〉.Cτ
– C(σ).τ = (X).(T q1,w1

φ1

∣∣ q1[X]
∣∣ . . . ∣∣T qn,wn

φn

∣∣ qn[X]
∣∣Hw1,...,wn⇒y

∣∣ open y.Cτ )
where

∧
i∈[1...n] φi = nf(σ).

– Ca[σ] = a[Cσ]
– C

σ
∣∣ τ = Cσ

∣∣ Cτ

where we assume that all ambient names (p, q, v, w, x, y, z, . . ., excepta) introduced
in the definition of eachT x,yφ are fresh. We call them theextranames ofT x,yφ , denoted
EN(T x,yφ ). Similarly forCσ.

We can roughly summarize the behaviors of the test terms in the following way:

– T x,ym .φ for a mobility actionm :
• the processp[ ] moves the processx[ ] inside the ambientz (which is inside the

ambientv);
• the process inside the ambientz opensx in an environment which allows the

process formerly enclosed inx to consumem ;
• if the test is successful the processt[ ] goes at top level and opens the ambient
v;

• the remaining process inside the ambientz will be tested byT z,yφ .
– T x,y(σ).φ:

• the processp[ ] moves the processx[ ] inside the ambientz (which is inside the
ambientv);

• the process inside the ambientz opens the ambientx and offers then as output
the characteristic termCσ;

• if the output is consumed the processt[ ] goes at top level and opens the ambi-
entv;

• the remaining process inside the ambientz will be tested byT z,yφ .
– T x,y〈σ〉.φ:

• the processp[ ] moves the processx[ ] inside the ambientz (which is inside the
ambientv);

• the process inside the ambientz opens the ambientx and takes an input;
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• if the input satisfies all testsφi for i ∈ {1, . . . , n} (where
∧
i∈[1...n] φi =

nf(σ)) then the processt[ ] goes at top level and opens the ambientv;
• the remaining process inside the ambientz will be tested byT z,yφ .

– T x,y
φ
∣∣ a[ψ]

:

• first the processp[ ] moves the processa[ ] inside the ambientw (which is
inside the ambientv);

• then the processt[ ] goes at top level and opens the ambientv;
• the remaining processes inside the ambientsx,w will be tested respectively by

the termsT x,qφ andTw,zψ . The processHq,z⇒y lastly checks that both tests are
successful.

Note that all the termsT x,yφ are reducible only when they are put in parallel with
the ambientx and can exhibity at top level only when reduced. So all of them must
interact withx in the proper way to do the job. The basic property of test terms is the
following.

Lemma 16. 1. ` Cσ : α iff σ ≤ α.
2. LetP ∈ P0 be a process containing no occurrences of any ambient name belonging

toEN(T x,yφ ). Thenx[P ]
∣∣T x,yφ ⇓ y iff ` P : φ.

Remark 2.Note that characteristic terms do not seem to exist for arbitrary types con-
taining intersection. The natural choice would be to takeCσ∧τ = Cσ + Cτ where+ is
the nondeterministic choice operator, but it does not seem possible to represent+ our
system.

Completeness now follows easily.

Theorem 4 (Completeness).If P v Q thenP vF Q.

Proof. If P 6vF Q then there areΓ, α such thatΓ ` P : α andΓ 6` Q : α. Then
by Lemmas 1, 5, and rule(≤) there is a normal typeφ such thatΓ ` P : φ andΓ 6`
Q : φ. Let τ = (σ1). . . . (σn).φ, whereFV (P

∣∣Q) = {X1, . . . , Xn} andΓ (Xi) = σi
for i ∈ {1, . . . , n}. By Lemma 16 we get thatT x,yφ

∣∣x[(X1). . . . (Xn).P ] ⇓ y and
T x,yφ

∣∣x[(X1). . . . (Xn).Q] 6⇓ y. So we concludeP 6v Q.

6 Final Remarks

If we drop from our language theso primitive, leaving then only the standard mobility
actions of the Ambient Calculus, we have immediately thatF(T ) is also a model of
the resulting language. This model is adequate (P vF Q impliesP v Q) but not fully
abstract. To show this take, for instance:

P1 = a[b[out c]]
P2 = a[b[open d]]

∣∣ d[in b.out c]
The processP1 andP2 are incomparable in the model (we can find proper types sepa-
rating them) but operationally, in the standard Ambient Calculus, we haveP1 v P2. In
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fact both exhibit the ambientawhich contains only an ambientb. To show thatP1 6v P2

we should find a context allowing to exercise the actionout c in P1. But to obtain this
we need to encloseb in an ambientc and this is possible only if we eventually opena.
In this case, in a may perspective, we cannot avoid thatd jumps intob and is opened
there, allowingP2 to show the same behavior asP1. Instead using theso action we are
able to build a context that separatesP1 andP2.

We are aware thatso can cause undesired behaviors, but we are confident that a
suitable type discipline can avoid them. The design of such a discipline will be subject
of further investigations.
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